We study Reeb dynamics on the three-sphere equipped with a tight contact form and an anti-contact involution. We prove the existence of a symmetric periodic orbit and provide necessary and sufficient conditions for it to bound an invariant disk-like global surface of section. We also study the same questions under the presence of additional symmetry and obtain similar results in this case. The proofs make use of pseudoholomorphic curves in symplectizations. As applications, we study Birkhoff's conjecture on disk-like global surfaces of section in the planar circular restricted three-body problem and the existence of symmetric closed Finsler geodesics on the two-sphere. We also present applications to some classical Hamiltonian systems.
The goal of this article is to study global dynamical properties of the Reeb flows on the tight three-sphere equipped with a symmetry. Recall that a contact three-manifold is a three-manifold M equipped with a maximally non-integrable hyperplane distribution ξ, called a contact structure. If ξ is co-oriented, then there exists a global one-form λ on M , called a contact form (defining ξ), such that ξ = ker λ. Note that if λ is a contact form, then λ ∧ dλ is non-vanishing and that for every smooth non-vanishing function f on M , the one-form f λ is a contact form defining the same contact structure as λ. By abuse of terminology, we also call the pair (M, λ) a contact manifold. We are interested in the dynamics of the Reeb vector field R = R λ of λ uniquely characterized by the equations λ(R) = 1 and ι R dλ = 0.
A periodic Reeb orbit will be denoted by P = (x, T ), where x : R → M solves the differential equationẋ = R • x and T > 0 is a period. It is said to be simply covered if T is the minimal period, namely, if k ∈ N is such that T /k is a period of x, then k = 1. It is called unknotted if the trace x(R) bounds an embedded closed disk. In the sequel, by a periodic orbit we always mean a periodic Reeb orbit. Since the Reeb flow φ t R satisfies (φ t R ) * λ = λ, it preserves the splitting T M = R ⊕ ξ so that we have the restriction of the linearized Reeb flow to ξ dφ t R (z)| ξz : ξ z → ξ φ t R (z) , z ∈ M. A periodic orbit P = (x, T ) is called non-degenerate if 1 is not an eigenvalue of dφ T R (x(0))| ξ x(0) . This does not depend on the parametrization. If every periodic orbit is non-degenerate, then we say that λ is non-degenerate.
A smooth involution ρ defined on a contact manifold (M, λ) is said to be anticontact if ρ * λ = −λ. In this case, the triple (M, λ, ρ) is called a real contact manifold. Since dim M = 3, every anti-contact involution is orientation-preserving. We assume that the fixed point set Fix(ρ) is non-empty. The Reeb vector field R satisfies ρ * R = −R from which we find φ t R = ρ • φ −t R • ρ. A chord C = (c, T /2) is an integral curve c : [0, T /2] → M of R with boundary condition c(0), c(T /2) ∈ Fix(ρ). Closing it up via ρ provides us with one of the main characters of this article, a symmetric periodic orbit P = (x, T ) defined as
The other main character is an invariant global surface of section. Recall that a global surface of section for R is an embedded compact surface Σ ⊂ M such that each connected component of the boundary ∂Σ, called the spanning orbits, is a periodic orbit, the interiorΣ of Σ is transverse to R, and all orbits of R in M \ ∂Σ hitΣ infinitely often forward and backward in time. When M is equipped with an anti-contact involution ρ, we call a global surface of section Σ invariant if ρ(Σ) = Σ. In what follows, we only consider the case that Σ = D is a disk. It is obvious that the boundary is a symmetric periodic orbit. The result of Kerékjártó, see for instance [13, Proposition 3.3] , shows that Fix(ρ) ∩ D is a simple arc such that the two connected components of D \ Fix(ρ) are permuted by ρ. The presence of an invariant disk-like global surface of section D enables us to reduce the Reeb dynamics on M to the study of an area-preserving homeomorphism of D satisfying a certain property: Abbreviate by ψ :D →D the associated first return map defined by ψ(x) = φ τ (x) R (x), where τ (x) := min{t > 0 | φ t R (x) ∈D} is the first return time of x ∈D. It is reversible with respect to ρ in the sense that ψ • ρ|D • ψ = ρ|D. It then follows from [44, Proposition 5.3 ] that there exists x ∈D such that ψ(x) = x = ρ(x), called a symmetric fixed point, corresponding to a symmetric periodic orbit distinct from ∂D. See also [19, Section 9.7] . By [44, Theorem 1.1] there exist either two or infinitely many symmetric periodic orbits. Even the existence of a non-symmetric periodic orbit forces the existence of infinitely many symmetric periodic orbits. Example 1.1. Recall that the Reeb flow of the standard contact form on S 3 = {(z 1 , z 2 ) ∈ C 2 | |z 1 | 2 + |z 2 | 2 = 1} is given by φ t R (z 1 , z 2 ) = (e 2it z 1 , e 2it z 2 ) and hence defines the Hopf fibration. The associated first return map is the identity map, and the first return time is the constant function π. The fiber S 1 × {0} ⊂ S 3 binds an open book decomposition of S 3 whose pages are the disks
Each D ϑ is a disk-like global surface of section. Consider the anti-contact involution ρ(z 1 , z 2 ) = (z 1 , −z 2 ). The fiber S 1 × {0} is a ρ-symmetric periodic orbit, and the open book decomposition is ρ-symmetric in the sense that ρ(D ϑ ) = D π−ϑ . Among the disks, only D π/2 and D 3π/2 are ρ-invariant.
A contact structure ξ is said to be overtwisted if there exists an overtwisted disk, i.e. an embedded disk D such that the boundary ∂D is a Legendrian curve and T q D = ξ q for all q ∈ ∂D. If there exists no overtwisted disk, then ξ is called tight. Assume that M = S 3 . Since ρ is orientation-preserving, the result of Smith [56] tells us that Fix(ρ) ∼ = S 1 , provided that Fix(ρ) = ∅. In view of the results by Bennequin and Eliashberg [5, 16] , there exists a unique, up to diffeomorphism, tight contact structure ξ 0 on S 3 which is determined by a contact form λ = f λ 0 , where f is a smooth non-vanishing function and λ 0 := (1/2)(q 1 dp 1 − p 1 dq 1 + q 2 dp 2 − p 2 dq 2 ) is the Liouville form on R 4 . We call the pair (S 3 , ξ 0 ) the tight three-sphere. A contact form defining ξ 0 is called a tight contact form. Let λ = f λ 0 be a tight contact form. Then a smooth involution ρ is anti-contact if and only if f • ρ = f and ρ * λ 0 = −λ 0 . The triple (S 3 , λ, ρ) is called a real tight three-sphere (with respect to ρ). For example, a compact hypersurface in R 4 which is star-shaped with respect to the origin and invariant under complex conjugation is a real tight three-sphere. We say that a real tight three-sphere (S 3 , λ, ρ) is non-degenerate if λ is non-degenerate.
The following statement is proved in Section 5. It follows easily from automatic transversality of embedded fast finite energy planes due to Hryniewicz [37] and the existence result of (not necessarily invariant) disk-like global surfaces of section due to Hryniewicz and Salomão [38] . We remark that not every Reeb flow on the tight three-sphere admits a disk-like global surface of section, see [57] . Theorem 1.2. Assume that a real tight three-sphere (S 3 , λ, ρ) is non-degenerate. A simply covered symmetric periodic orbit P = (x, T ) bounds an invariant disk-like global surface of section if and only if it is unknotted, has self-linking number equal to −1 and Conley-Zehnder index at least 3, and P is linked to every periodic orbit of Conley-Zehnder index equal to 2. In this case, P bounds two invariant disklike global surfaces of section, and they form an embedded two-sphere containing Fix(ρ) ∼ = S 1 . If λ is dynamically convex, i.e. every periodic orbit has Conley-Zehnder index at least 3, the non-degeneracy assumption can be dropped.
We say that a periodic orbit P = (x, T ) is geometrically distinct from P = (x, T ) if x(R) ∩ x(R) = ∅. In this case, P determines a homology class [x] ∈ H 1 (S 3 \ x(R); Z) ∼ = Z. If [x] = 0, then P is said to be linked to P . For definition of the self-linking number, see Subsection 3.3.
Remark 1.3. The two global surfaces of section D 1 and D 2 obtained in the above theorem are related byD
Therefore, if x ∈D 1 is a symmetric fixed point of the associated first return map, then φ τ (x)/2 R (x) ∈D 2 is a symmetric fixed point of the first return map associated to D 2 . Thus, the two points belong to a single symmetric periodic orbit geometrically distinct from P = ∂D 1 = ∂D 2 . In view of a result of Hryniewicz [39] , it is also unknotted and has self-linking number equal to −1.
Consider the family of anti-contact involutions (z 1 , z 2 ) → (e iϑ1 z 1 , e iϑ2 z 2 ) (1.1) on S 3 for ϑ 1 , ϑ 2 ∈ R. Abbreviate by P * the set of unknotted simply covered nonsymmetric periodic orbits of self-linking number equal to −1 and Conley-Zehnder index equal to 2.
Theorem 1.4. Consider a non-degenerate real tight three-sphere (S 3 , λ, ρ) such that ρ has the form (1.1). Assume that P * = ∅. Then there exists an unknotted simply covered symmetric periodic orbit P of self-linking number equal to −1 and having Conley-Zehnder index in {2, 3, 4}. In the dynamically convex case, one can drop the non-degeneracy assumption, and the Conley-Zehnder index of P belongs to {3, 4}.
The reason why we only consider the anti-contact involutions ρ of the form (1.1) is that in the proof we interpolate between the Reeb dynamics of λ and the "simplest" one, where the latter carries exactly two unknotted simply covered ρ-symmetric periodic orbits of self-linking number equal to −1 and Conley-Zehnder index ≥ 3, see Section 6. The hypothesis that P * = ∅ is used in the bubbling off analysis. The existence of a symmetric periodic orbit (not assuming any other properties) is related to a conjecture of Seifert, see Remark 1.7 below. Remark 1.5. As mentioned above, the proof of Theorem 1.2 makes use of the result due to Hryniewicz and Salomão saying that a simply covered periodic orbit P on a non-degenerate tight three-sphere bounds a disk-like global surface of section if and only if it is unknotted, has self-linking number equal to −1 and Conley-Zehnder index ≥ 3, and is linked to every periodic orbit of Conley-Zehnder index equal to 2. In their proof, in fact they only make use of the assumption that P is linked to every periodic orbit which is the asymptotic limit of an embedded finite energy plane of index equal to 2. See [38] for more details. By means of [31, Theorem 1.7] such periodic orbits have self-linking number equal to −1. Therefore, the assertion of Theorem 1.2 holds as well if we replace the last condition by saying that the set of unknotted simply covered periodic orbits of self-linking number equal to −1 and Conley-Zehnder index equal to 2 is empty.
As an immediate corollary of Theorems 1.2 and 1.4, Remark 1.5, and [44, Corollary 1.2] we obtain the following assertion which is a refinement of the results of Frauenfelder and Kang [18] , where a contact form is assumed to be dynamically convex.
Theorem 1.6. Assume that a non-degenerate real tight three-sphere (S 3 , λ, ρ) satisfies that there exists no unknotted simply covered periodic orbit of self-linking number equal to −1 and Conley-Zehnder index equal to 2. Then there exists a symmetric periodic orbit which bounds an invariant disk-like global surface of section and has Conley-Zehnder index equal to 3 or 4. As a result, there exist either two or infinitely many symmetric periodic orbits. The existence of a non-symmetric periodic orbit forces the existence of infinitely many symmetric periodic orbits. If λ is dynamically convex, then the same assertions hold without the non-degeneracy assumption.
Remark 1.7. In [54] Seifert shows that in a mechanical Hamiltonian system defined on R 2n , a regular energy level satisfying certain conditions, but not necessarily of contact type, carries a symmetric periodic orbit with respect to complex conjugation. He conjectures the existence of at least n geometrically distinct symmetric periodic orbits. The case n = 2 is proved recently by Giambò, Giannoni, and Piccione [21] . If an energy level in R 4 is star-shaped and the associated contact form is dynamically convex, then a stronger statement holds: there exist at least two unknotted symmetric periodic orbits of self-linking number equal to −1, see [18, Theorems 2.3 and 2.6]. In view of Remark 1.3, Theorem 1.6 refines this statement.
Suppose that a real tight three-sphere (S 3 , λ, ρ) is endowed with a diffeomorphism σ such that σ * λ = λ and σ p = Id for some p ∈ N. Assume that
(1.2)
For each j = 0, 1, . . . , p−1, the smooth map ρ j := σ j •ρ is an anti-contact involution
. By definition of ρ j , we find that σ(z * ) = z * (and ρ j (z * ) = z * for all j). Therefore, the presence of a common fixed point of ρ and σ is a necessary condition for a (ρ, σ)-invariant global surface of section to exist.
Consider the special case that p = 2. In this case σ is a contact involution, meaning that it is an involution such that σ * λ = λ. Assumption (1.2) now reads ρ•σ = σ •ρ. The two commuting anti-contact involutions ρ and ρ σ := σ •ρ generate dihedral symmetry on S 3 . A (ρ, σ)-symmetric periodic orbit or a (ρ, σ)-invariant global surface of section is also referred to as a doubly-symmetric periodic orbit or a doubly-invariant global surface of section. If P = (x, T ) is a doubly-symmetric periodic orbit, then c = x| [0,T /4] is the chord with boundary condition c(0) ∈ Fix(ρ) and c(T /4) ∈ Fix(ρ σ ) and recovers x in such a way that
. As before, Fix(ρ) ∩ Fix(ρ σ ) = ∅ is a necessary condition to the existence of a doubly-invariant disk-like global surface of section. Example 1.8 (continued). Fix p ∈ N and consider σ(z 1 , z 2 ) = (e 2πi/p z 1 , z 2 ). Note that ρ j (z 1 , z 2 ) = (e 2πij/p z 1 , −z 2 ) and that Fix(ρ) ∩ Fix(σ) = {(0, 0, 0, ±1)}. The fiber S 1 × {0} is a (ρ, σ)-symmetric periodic orbit, and the given open book decomposition is (ρ, σ)-symmetric in the sense that ρ j (D ϑ ) = D π−ϑ for j = 0, 1, . . . , p − 1. The two disks D π/2 and D 3π/2 are the only (ρ, σ)-invariant disk-like global surfaces of section, and they contain (0, 0, 0, 1) and (0, 0, 0, −1), respectively.
The following assertion is proved in Section 5 in the same way as Theorem 1.2. Theorem 1.9. Assume that a non-degenerate real tight three-sphere (S 3 , λ, ρ) admits a p-periodic strict contactomorphism σ satisfying condition (1.2) . Assume further that Fix(ρ) ∩ Fix(σ) = ∅. A simply covered (ρ, σ)-symmetric periodic orbit P = (x, T ) bounds a (ρ, σ)-invariant disk-like global surface of section if and only if it is unknotted, has self-linking number equal to −1 and Conley-Zehnder index greater than or equal to 3, and P is linked to every periodic orbit of Conley-Zehnder index equal to 2. Moreover, # (Fix(ρ) ∩ Fix(σ)) = 2, and P bounds two (ρ, σ)-invariant disk-like global surfaces of section containing either point in Fix(ρ) ∩ Fix(σ). If λ is dynamically convex, the non-degeneracy assumption can be dropped.
The most interesting p-periodic contactomorphisms on S 3 might be the following: Given coprime integers p ≥ q ≥ 1, the three-sphere S 3 admits the p-periodic diffeomorphism g p,q : S 3 → S 3 , (z 1 , z 2 ) → e 2πi/p z 1 , e 2πiq/p z 2 .
Each g p,q satisfies condition (1.2) with respect to the anti-contact involutions of the form (1.1), and g * p,q λ 0 = λ 0 . Moreover, g p,q generates a free Z p -action on S 3 , and the orbit space L(p, q) = S 3 /Z p is a lens space. Note that L(1, 1) = S 3 and L(2, 1) ∼ = RP 3 . Recall that π 1 (L(p, q)) ∼ = Z p and π 2 (L(p, q)) = {0}.
We fix p ≥ q ≥ 1 and assume that a tight contact form λ on S 3 satisfies g * p,q λ = λ. Thus, it descends to a contact form λ on L(p, q) whose associated contact structure is denoted by ξ 0 . It is universally tight, meaning that its lift to the universal covering is tight. In view of condition (1.2) the anti-contact involution ρ descends to an anti-contact involution ρ on (L(p, q), λ). We call the triple (L(p, q), λ, ρ) a real universally tight lens space.
Since g p,q and ρ has no common fixed point on S 3 , there does not exist a (ρ, g p,q )invariant disk-like global surface of section. Instead, we study a ρ-invariant prational disk-like global surface of section on (L(p, q), λ, ρ). Recall that a periodic orbit P = (x, T ) is said to be p-unknotted if there exists an immersion u : D → L(p, q) such that u| D\∂D is an embedding, and u| ∂D : ∂D → x(R) is a p-covering map. In this case, u is called a p-disk for P . For a p-unknotted periodic orbit, there exists a well-defined (rational) self-linking number, see Subsection 3.3. Since π 2 (L(p, q)) = {0}, it does not depend on the choice of a p-disk. By a p-rational disklike global surface of section, we mean a p-disk u : D → L(p, q) such that u(D \ ∂D) satisfies the same properties as the interior of a disk-like global surface of section. Theorem 1.10. Let (L(p, q), λ, ρ) be as above. Assume that λ is dynamically convex, i.e. every contractible periodic orbit has Conley-Zehnder index at least 3. Then a simply covered symmetric periodic orbit P bounds an invariant p-rational disk-like global surface of section if and only if it is p-unknotted and has self-linking number equal to −1/p.
The existence of a simply covered p-unknotted periodic orbit with self-linking number equal to −1/p on (L(p, 1), λ) is proved by Schneider [52] . The statement is left open for q > 1. Following Schneider's argument, we prove Theorem 1.11. Let (L(p, 1), λ, ρ) be a dynamically convex real universally tight lens space, where ρ is the restriction of an anti-contact involution on S 3 of the form (1.1) with either ϑ 1 = 0 or ϑ 2 = 0. Then there exists a simply covered symmetric periodic orbit which is p-unknotted and has self-linking number equal to −1/p. Its p-th iterate has Conley-Zehnder index equal to 3 or 4.
The condition either ϑ 1 = 0 or ϑ 2 = 0 is used in the bubbling off analysis in the proof, see Lemma 6.6.
Suppose that a real tight three-sphere (S 3 , λ, ρ) admits g p,1 for some p. We impose the following equivalence relation on the set of periodic orbits. Two periodic orbits P 1 and P 2 are equivalent if and only if each of them is a ρ j -symmetric periodic orbit for some j and P 2 = g i p,1 (P 1 ) for some i. Therefore, an equivalence class consists of either a single (ρ, σ)-symmetric periodic orbit or p periodic orbits. By the preceding two theorems and results due to Kang [44] we obtain the following statement as a corollary. Theorem 1.12. Let (S 3 , λ, ρ) be a dynamically convex real tight three-sphere such that ρ is of the form (1.1) with either ϑ 1 = 0 or ϑ 2 = 0. Assume that λ satisfies g * p,1 λ = λ for some p ≥ 1. Then there exists a (ρ, g p,1 )-symmetric periodic orbit on S 3 which bounds a ρ-invariant disk-like global surface of section. It is the lift of a ρ-symmetric periodic orbit on L(p, 1) that bounds a ρ-invariant p-rational disk-like global surface of section. As a result, there exist two or infinitely many equivalence classes of periodic orbits on S 3 . In particular, in the case that p = 2 there exist two or infinitely many doubly-symmetric periodic orbits.
Further discussion. A symmetric periodic orbit is said to be symmetrically unknotted if there exists a spanning disk which is invariant under the symmetry. The following question naturally arises.
Is an unknotted symmetric periodic orbit symmetrically unknotted?
Theorem 1.2 shows that if an unknotted symmetric periodic orbit P has sl(P ) = −1 and µ CZ (P ) ≥ 3 and satisfies the described linking condition, then the answer is affirmative, provided that the contact form is non-degenerate. In particular, if the contact form is dynamically convex, then every unknotted symmetric periodic orbit with self-linking number equal to −1 is symmetrically unknotted.
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Applications
2.1. The restricted three-body problem and Birkhoff 's conjecture. The planar circular restricted three-body problem (PCR3BP) studies the dynamics of a massless body, called the moon, attracted by two primaries, called the earth and the sun, according to Newton's law of gravitation. We scale the total mass of the system to one so that the mass of the sun is given by µ ∈ (0, 1) and the mass of the earth equals 1 − µ. We assume that they move in circular orbits. The moon is restricted to the plane spanned by the earth and the sun. Due to Jacobi, passing to a rotating coordinate system the Hamiltonian of the system becomes
where E = (0, 0) and S = (1, 0) are the positions of the earth and the sun, respectively. This Hamiltonian is time-independent, and hence it is preserved along the Hamiltonian flow. It is well-known that there are precisely five critical values of H. We are interested in energies c smaller than the first (or smallest) critical level c 1 , where the corresponding energy hypersurface H −1 (c) consists of three connected components: two bounded ones and an unbounded one. The two bounded components contain either primary. We concentrate on the earth component, i.e. the bounded component near the origin, say Σ c . It is non-compact due to collisions with the earth. However, the two-body collision can be always regularized. Using the Moser regularization [46] it was shown in [2] that the regularization Σ c of Σ c is contactomorphic to the universally tight real projective space RP 3 = L(2, 1). It is invariant under the anti-contact involution ρ(q 1 , q 2 , p 1 , p 2 ) = (q 1 , −q 2 , −p 1 , p 2 ). Abbreviate L := Fix(ρ) and define L 1 , L 2 ⊂ L such that L = L 1 ∪ L 2 by
where π : T * C → C is the footpoint projection. Kang [43] classifies symmetric periodic orbits on Σ c into the following two types. A symmetric periodic orbit P = (x, T ) is of type I if the associated half-chord C = (c, T /2) satisfies c(0) ∈ L 1 and c(T /2) ∈ L 2 , or the other way around. Otherwise, it is of type II.
On the other hand, via the Levi-Civita regularization [45] , the regularized double cover Σ c of Σ c is contactomorphic to the tight three-sphere. The anti-contact involution ρ on Σ c lifts to the two commuting anti-contact involutions on Σ c
and
. The sets L 1 and L 2 lift to L 1 := Fix(ρ 1 ) and L 2 := Fix(ρ 2 ), respectively. In this way, Kang observes that symmetric periodic orbits of type I on Σ c correspond to doubly-symmetric periodic orbits on Σ c and those of type II on Σ c correspond to symmetric, but not doubly-symmetric periodic orbits on Σ c .
In 1915, Birkhoff proved the existence of so-called a retrograde periodic orbit on each bounded component of the energy hypersurface for c < c 1 , see [6] . This is a symmetric periodic orbit of type I and projects onto the q-plane as a simple closed curve encircling the corresponding primary in the direction opposite to the coordinate system. A periodic orbit projecting onto the q-plane as a simple closed curve, but encircling the corresponding primary in the same direction as the coordinate system is called a direct periodic orbit. In a real-world situation, a direct periodic orbit is more important since most orbits of moons in the solar system are direct. Note that the orbit of Triton, the largest moon of Neptune, is retrograde. Numerical experiments support the existence of a direct periodic orbit. While Birkhoff did not give an analytic proof of its existence, he pointed out that a direct periodic orbit is sometimes degenerate. This led him to conjecture that a (doubly covered) retrograde periodic orbit always bounds a disk-like global surface of section. Birkhoff believed that a fixed point of the associated first return map, whose existence is assured by Brouwer's translation theorem, corresponds to a (doubly covered) direct periodic orbit.
Albers, Fish, Frauenfelder, Hofer, and van Koert proved in [1] that for every c < −3/2, there exists µ 0 = µ 0 (c) close enough to 1 such that for each µ ∈ (µ 0 , 1), Σ c is strictly convex. In view of the result due to Hofer, Wysocki, and Zehnder [33] this implies that Birkhoff's conjecture holds in this case. In [42] Hryniewicz and Salomão studied if one can find a rational global surface of section in Σ c whose spanning orbit is the simply covered retrograde periodic orbit. Using the result of [1] , they provide an affirmative answer if µ = 1 − ε for ε > 0 small enough. As the doubly covered retrograde periodic orbit is unknotted and has self-linking number equal to −1, we have the following refinement of the result of Hryniewicz and Salomão.
Theorem 2.1. Given c < −3/2, there exists µ 0 = µ 0 (c) close enough to 1 such that for all µ ∈ (µ 0 , 1), the doubly covered retrograde periodic orbit bounds ρ 1invariant disk-like global surfaces of section D and ι(D) in Σ c . They descend to a ρ-invariant rational disk-like global surface of section in Σ c spanned by the simply covered retrograde periodic orbit. Moreover, there exist either two or infinitely many symmetric periodic orbits of type I on Σ c .
2.2.
Existence of symmetric closed Finsler geodesics. Let N be a closed connected n-dimensional smooth manifold. Choose local coordinates on T N , (q, v) = (q 1 , . . . , q n , v 1 , . . . , v n ). A Finsler metric F on N is a non-negative function on T N having the following properties:
• For each q ∈ N and v = 0 ∈ T q N , the symmetric bilinear form
is positive-definite.
The critical points of the Finsler energy functional
are called geodesics of the Finsler metric F or simply F -geodesics. Suppose that N is equipped with an involution f . Abbreviate by Q = Fix(f ) the fixed point set of f , which is assumed to be non-empty. We impose the following additional condition.
We call such F a real Finsler metric and the triple (N, F, f ) a real Finsler manifold.
There exists a globally defined one-form τ on T N \ N , which is locally given by
It defines a contact form on F −1 (c) for all c > 0. An interesting feature of this form is that dτ is a symplectic form on T N \ N , see [15, Proposition 2.1]. Abbreviate Σ = F −1 (1) ⊂ T N . By abuse of notation we denote the restriction of τ to Σ again by the same letter. It was shown in [15, Proposition 2.4 ] that unit speed F -geodesics on N are precisely the projections of Reeb orbits on (Σ, τ ). Hence, we have the one-to-one correspondence unit speed symmetric closed geodesics on (N, F, f ) ←→ symmetric periodic orbits on (Σ, τ, F ) .
Choose local coordinates on T * N , (q, p) = (q 1 , . . . , q n , p 1 , . . . , p n ). The fiberwise convexity of G gives rise to the Legendre transformation
It is straightforward to check that
where λ can is the Liouville 1-form on T * N . Abbreviate Σ * = L (Σ) ⊂ T * N and λ = λ can | Σ * . As has been shown in [15, Section 3] , the orbits of R τ on Σ correspond to the orbits of R λ on Σ * .
Define the smooth involution f I :
where d * f : T * N → R is the cotangent lift of the involution f and I(q, p) = (q, −p). It descends to an anti-contact involution on (Σ * , λ), denoted again by f I . As before, there is the following one-to-one correspondence unit speed symmetric closed geodesics on (N, F, f ) ←→ symmetric periodic orbits on (Σ * , λ, f I ) .
Consider C 2 with coordinates (z 1 , z 2 ), where z j = q j + ip j for j = 1, 2. In [23, Section 4] Harris and Paternain construct a double covering map Φ :
. This in particular implies that the double cover of the geodesic flow of (S 2 , F ) is conjugate to the Reeb flow on S 3 of the tight contact form hλ 0 . By pulling back the involution f I under Φ, we obtain the two anti-contact involutions
where ι is the antipodal map on S 3 . Thus, we obtain the following one-to-one correspondence unit speed symmetric closed geodesics on (N, F, f ) ←→ doubly-symmetric periodic orbits on (S 3 , hλ 0 , ρ 1 , ρ 2 ) .
The reversibility of a Finsler metric F is defined as 
then the contact form hλ 0 on S 3 is dynamically convex. Remark 2.3. In [41] Hryniewicz and Salomão show that the pinching condition in the preceding theorem is sharp in the sense that if 0 < δ < (λ/(λ + 1)) 2 , there exists a δ-pinched Finsler metric on S 2 with reversibility λ such that the contact form hλ 0 is not dynamically convex.
Consider a real tight three-sphere (S 3 , λ, ρ), where ρ has the form (1.1) with either ϑ 1 = 0 or ϑ 2 = 0. Chooseρ(z 1 , z 2 ) = (e i(π−ϑ1) z 1 , e i(π−ϑ2) z 2 ), so that ρ •ρ = ι =ρ • ρ. Via Φ, ρ andρ descend to an anti-contact involution f I on (Σ * , λ). By means of the Legendre transformation and the projection Σ * → S 2 , f I defines an involution f on S 2 . By the preceding discussion and Theorem 1.12 with p = 2, we obtain the following.
Theorem 2.4. Let f be the smooth function on S 2 described above with either ϑ 1 = 0 or ϑ 2 = 0. Assume that S 2 admits a real Finsler metric F with respect to f . If F has reversibility λ and is δ-pinched for some δ > (λ/(λ + 1)) 2 , then there exist two or infinitely many symmetric closed F -geodesics.
2.3. Hénon−Heiles system. The Hénon-Heiles system describes chaotic motions of a star in a galaxy with an axis of symmetry [25] . The Hamiltonian is given by
It is invariant under the exact anti-symplectic involution
and the 3-periodic exact symplectic involution
There exist exactly two critical levels 0 and 1/6 of H, and for every c ∈ (0, 1/6), the energy level set H −1 (c) contains a unique bounded component Σ c that is diffeomorphic to S 3 . It is proved by Schneider that Σ c bounds a strictly convex domain in R 4 containing the origin, see [52, Theorem 2.2] . Due to Hofer, Wysocki, and Zehnder [33, Theorem 3.7] this shows that the contact form λ = λ 0 | Σc is dynamically convex, where λ 0 is the Liouville 1-form on R 4 . In [9] Churchill, Pecelli, and Rod find eight periodic orbits on Σ c , labeled by Π 1 , . . . , Π 8 . They are related by
and Π 7 and Π 8 are (ρ, σ)-symmetric periodic orbits. Therefore, they descend to four periodic orbits Π 1 , Π 4 , Π 7 and Π 8 on (Σ c /Z 3 , λ, ρ), where the last two are symmetric periodic orbits that are 3-unknotted and have sl = −1/3.
Note that σ| Σc = g 3,1 . Therefore, the induced contact structure ξ on L(p, 1) ∼ = Σ c /Z 3 is different from ξ 0 . Consider the diffeomorphism ψ : S 3 → Σ c defined as ψ(z) = (1/ H(z))z and the contactomorphism Φ on (S 3 , λ 0 ) given by
In this way we find that (Σ c /Z 3 , λ, ρ) is contactomorphic to the dynamically convex real universally tight lens space (L(3, 2), λ 0 , ρ 0 ), where λ 0 is the contact form induced by λ via the maps ψ and Φ. The periodic orbits Π 1 , Π 4 , Π 7 , and Π 8 induce periodic orbits Π 1 , Π 4 , Π 7 and Π 8 on (L(3, 2), λ, ρ 0 ), where the last two are symmetric periodic orbits which are 3-unknotted and have sl = −1/3. An application of Theorem 1.10 and the result of Kang [44] implies the following refinement of the result due to Schneider [52, Corollary 2.5].
Theorem 2.5. For every c ∈ (0, 1/6), the quotient manifold Σ c /Z 3 carries a ρsymmetric periodic orbits that bounds a ρ-invariant 3-rational disk-like global surface of section. Moreover, Σ c /Z 3 carries infinitely many ρ-symmetric periodic orbits. They lift to infinitely many equivalence classes of periodic orbits on Σ c , where the equivalence relation is defined as in the introduction.
2.4.
Hill's lunar problem. In [26] Hill studies the motion of the Moon. The Hamiltonian of his lunar problem, obtained from the planar circular restricted threebody problem by blowing up the coordinates near the earth, is given by
Note that H admits the two commuting exact anti-symplectic involutions
There exists a unique critical value c 1 = −3 4/3 /2, and for every c < c 1 , the energy level set H −1 (c) contains a unique bounded component Σ c which is star-shaped with respect to the origin. In [6] Birkhoff shows the existence of a retrograde periodic orbit on Σ c which is doubly symmetric, i.e. its trace is invariant under both ρ 1 and ρ 2 . Numerical experiments show that a direct periodic orbit also exists and is doubly-symmetric. See for instance [4, 24] . As before, Σ c is non-compact, and by regularizing we find that (Σ c , λ = λ 0 | Σc ) is contactomorphic to a universally tight lens space L(2, 1). It is easy to see that there exists a very negative energy c * < c 1 such that for every c < c * , the image of the Levi-Civita embedding of Σ c bounds a strictly convex domain in C 2 . Therefore, (Σ c , λ = λ 0 | Σc ) is dynamically convex for c < c * . Because a retrograde periodic orbit is 2-unknotted and has sl = −1/2, Theorem 1.10 tells us that it bounds a
Together with [44, Theorem 1.3] this proves the following statement.
Theorem 2.6. Given c < c * , a simply covered retrograde periodic orbit on Σ c bounds a ρ 1 -invariant rational disk-like global surface of section. As a consequence, there exist either two or infinitely many doubly-symmetric periodic orbits on Σ c .
Note that doubly-symmetric periodic orbits are symmetric periodic orbits of type I, see Subsection 2.1. Since Hill's lunar problem is a limit case of the planar circular restricted three-body problem that studies the motion near the earth, the statement of the above theorem is compatible with Theorem 2.1. For this reason, we expect that the statement holds for all c < c 1 .
Buckled nanobeams. Consider the Hamiltonian
that is a two-mode Galerkin truncation of the infinite dimensional dynamics described by the Euler-Bernoulli beam equation. It studies the transverse displacements of a nanobeam subjected compressive stress applied at both ends, see [8, 10] . Note that H admits two exact anti-symplectic involutions ρ 1 , ρ 2 defined as in (2.1). Suppose that β > 0 so that H has a unique critical value 0. For c < −α 2 /2, the set H −1 (c) is empty, and for every c ∈ (−α 2 /2, 0), it consists of two bounded components Σ ± c ∼ = S 3 such that ±q > 0 for all q ∈ Σ ± c and they are permuted by ρ 2 and ρ 1 -invariant. Using [51, Theorem 1], one can show that for every c ∈ (−a 2 /2, 0), the bounded components Σ ± c bound strictly convex domains in R 4 . See for instance [14, Proposition 3.2] . Therefore, (Σ ± c , λ 0 | Σ ± c ) are dynamically convex. By Theorem 1.6 we obtain Theorem 2.7. Let β > 0. Then for every c ∈ (−a 2 /2, 0), each of the bounded components Σ ± c carries two or infinitely many ρ 1 -symmetric periodic orbits. 2.6. Charged particles in planetary magnetospheres. The Hamiltonian
studies the simplified motions of a dust particle in a planetary magnetosphere, influenced by gravitational and eletromagnetic forces. See for instance [22] . For c <
As in the previous subsection, using [51, Theorem 1] , it can be shown that for every c ∈ (
) the bounded component Σ c bounds a strictly convex domain in R 4 , see [14, Proposition 3.5] . It follows that
, the bounded component Σ c carries two or infinitely many ρ 1 -symmetric periodic orbits.
Preliminaries
In this section (M, λ) or (M, λ, ρ) always denotes a closed contact three-manifold or a closed real contact three-manifold with non-empty Fix(ρ), respectively.
3.1. The Conley-Zehnder indices of periodic orbits. Let P = (x, T ) be a non-degenerate periodic orbit on (M, λ) and let T :
satisfying that Φ T P (0) = Id and Φ T P (t + 1) = Φ T P (t)Φ T P (1). The non-degeneracy of P is equivalent to that det(Φ T P (1) − Id) = 0. We define the Conley-Zehnder index of P with respect to T as 1] ). For the original definition of the latter, we refer the reader to [11, 12] .
We now give an alternative analytic definition of the Conley-Zehnder index due to Hofer, Wysocki, and Zehnder [29, Section 3] and extend the definition to any periodic orbits. Let Φ(t), t ∈ R be a smooth path of 2 × 2 symplectic matrices such that Φ(0) = Id and Φ(t + 1) = Φ(t)Φ(1). The associated smooth loop of 2 × 2 symmetric matrices S = S Φ is defined as
where J 0 = 0 −1 1 0 is the standard complex structure. It provides us with the unbounded operator
having the following properties:
• It is self-adjoint.
• The spectrum σ(A S ) = {η ∈ C | A S − ηId is non-invertible} consists of eigenvalues of A S , is a discrete subset of R, and accumulates only at ±∞. Let v ≡ 0 be an eigenfunction of A S to the eigenvalue η. As it is a solution of ODE −J 0 ∂ t v − Sv = ηv, it is non-vanishing, and then we can define the winding number of v as
The following crucial properties are proved in [ 
If P is contractible, then we choose a unitary trivialization T by the one that extends over a spanning disk. As a disk is contractible, the Conley-Zehnder index depends only on the choice of a spanning disk. If c 1 (ξ) vanishes on π 2 (M ), then it is also independent of the choice of a spanning disk and hence provides us with the well-defined Conley-Zehnder index of a contractible periodic orbit. If M = S 3 , then the tight contact structure is trivial, and, therefore, every periodic orbit on a tight three-sphere is assigned the well-defined Conley-Zehnder index. In the case of lens spaces, the Conley-Zehnder index is well-defined for every contractible periodic orbit because π 2 vanishes. In either case, we simply write µ CZ (P ).
3.2.
Two indices of symmetric periodic orbits. Let P = (x, T ) be a nondegenerate symmetric periodic orbit on (M, λ, ρ). Its Conley-Zehnder index with respect to a unitary trivialization is defined as in the preceding subsection. Recall that P can be interpreted as a Legendrian intersection point, i.e. c(t) := x(t)| [0,T /2] is a chord with boundary condition c(0), c(T /2) ∈ Fix(ρ). This implies that one can assign a symmetric periodic orbit a different index explained as below.
Let T be a symmetric unitary trivialization of x * T ξ, namely, a unitary trivialization having the additional property that
The existence of a symmetric unitary trivialization is proved in [18, Lemma 3.10] . We define the associated smooth path Φ T P of 2 × 2 symplectic matrices by the same formula (3.1). We identify
If P is non-degenerate (as a periodic orbit), then C is non-degenerate (as a chord), see [18, Proposition 3.7] . It is easy to check that Φ T P (−t) = IΦ T P (t)I for all t ∈ R. We define the Robbin-Salamon index of a non-degenerate symmetric periodic orbit P with respect to T as
. For the definition of the Robbin-Salamon index, we refer to [49] .
As before, we give an alternative analytic definition of the Robbin-Salamon index due to Frauenfelder and Kang [18, Section 3] 
It is straightforward to check that S(−t) = IS(t)I. We in particular find that S(0), S(1/2) are diagonal matrices.
Set D := S| [0,1/2] . Consider the following Hilbert space of paths satisfying a Lagrangian boundary condition
It has the following properties:
• The spectrum σ(A D ) consists of eigenvalues of A D , is a discrete subset of R, and accumulates only at ±∞.
Let v ≡ 0 be an eigenfunction of A D to the eigenvalue η. As before, we assign it the well-defined relative winding number
The following properties are proved in [18, Lemmas 3.4 and 3.5]. 
We have a symmetric counterpart of Proposition 3.3.
The following lemma reveals a relationship between the two indices of a symmetric periodic orbit. 
The winding number wind(T 1 , T 2 ) is then defined as the degree of the loop
This does not depend on the choice of α. Lemma 3.7. Let P , T 1 , and T 2 be as above. We then have
By the Maslov index property of the Robbin-Salamon index, µ RS (ΛR, R) equals the Maslov index of the loop ΛR. By definition of the Maslov index, we then conclude that
from which the lemma is proved.
If P = (x, T ) is a non-degenerate symmetric periodic orbit on (M, λ, ρ) that is symmetrically contractible, meaning that it admits a spanning disk invariant under ρ, then we choose a symmetric unitary trivialization that extends over the symmetric spanning disk. In this case, the Robbin-Salamon index of P depends only on the spanning disk. If c 1 (ξ)| π2(M) = {0}, then it is well-defined, i.e. it is independent of the choice of the spanning disk, see [18, Corollary 3.14] . If M = S 3 , then π 1 (S 3 , Fix(ρ)) = {0}, and hence every symmetric periodic orbit is symmetrically contractible. Therefore, they have the well-defined Robbin-Salamon index. On lens spaces, every symmetrically contractible periodic orbit has the well-defined Robbin-Salamon index since π 2 vanishes. In either case, we simply write µ RS (P ).
3.3. Self-linking number. Let γ : S 1 → M be an unknot transverse to ξ = ker λ and u : D → M be an embedding such that u(e 2πit ) = γ(t), t ∈ S 1 . Choose any non-vanishing section X of the pullback bundle u * ξ → D. The orientation of γ and u are given by the standard orientations, and M is oriented in such a way that λ ∧ dλ > 0. We fix a Riemannian metric g on M and denote by exp the associated exponential map. As γ is a transverse knot, if X is sufficiently small, then
By definition, the selflinking number of γ with respect to u, denoted by sl(γ, u), is given by the algebraic intersection number of γ X with u. It follows from the homotopy invariance of the algebraic intersection number that it is independent of the choices of X and g. If c 1 (ξ)| π2(M) = 0, then it is also independent of the choice of u. In this case, we simply write it as sl(γ).
We now assume that a transverse knot γ : S 1 → M is p-unknotted for some p ≥ 2. Let u be a p-disk for γ and define γ X as above. Then the rational selflinking number of γ with respect to u is defined as
The orientations are given as above, and the definition is also independent of all the involved choices, provided that c 1 (ξ)| π2(M) = 0. In this case, we write it as sl(γ). If every Σ ϑ is a disk, then we say that (B, π) is an open book decomposition with disk-like pages. In this case, M can be represented by the union of two solid tori glued along their boundaries. Consequently, M is necessarily diffeomorphic to either S 3 , S 1 × S 2 , or a lens space. We say that an open book decomposition (B, π) with disk-like pages of a closed contact three-manifold (M, λ) is adapted to λ if B is a periodic orbit, and every page is a disk-like global surface of section for R = R λ .
A λ-adapted p-rational open book decomposition with disk-like pages is a pair (P, π), where P is a p-unknotted periodic orbit and a fibration π satisfies that for every ϑ ∈ S 1 , the closure of the fiber π −1 (ϑ) is the image of a p-disk for P .
Pseudoholomorphic curves in symplectizations.
In this subsection we recall the definitions and basic properties of pseudoholomorphic curves in symplectizations of closed contact three-manifolds introduced by Hofer [27] and developed by Hofer, Wysocki, and Zehnder [28, 29, 30, 33, 34, 35, 36] . We also follow a recent book [19] . For real pseudoholomorphic curves, we refer to [18] Here, the non-compact four-manifold R × M is equipped with the symplectic form d(e r λ). We call the pair (R × M, d(e r λ)) the symplectization of (M, λ). It is straightforward to check that J is d(e r λ)-admissible.
Let Here Ξ is the set of all smooth functions φ ∈ C ∞ (R, [0, 1]) with φ ′ ≥ 0. The elements in Γ are called punctures. If Γ = {∞} so that S 2 \ Γ = C, then u is called a finite energy plane. Since the SFT-like almost complex structure J is R-invariant, for every r ∈ R and for every finite energy J-holomorphic sphere u = (a, u), the map u r := (a + r, u) is a finite energy J-holomorphic sphere as well.
Fix z ∈ Γ and choose a small neighborhood of U z of z in S 2 \ Γ. If a is bounded on U z , then z is called a removable puncture. If a is unbounded on U z , then it is bounded either from below or from above. In the first case, we call z a positive puncture. It is called a negative puncture in the latter case. In the sequel we always assume that Γ consists only of non-removable punctures and write
where Γ ± are the set of positive and negative punctures, respectively. The maximum principle says that Γ + = ∅, see [29, Lemma 5.2] . If u is a finite energy plane, then Γ = Γ + = {+∞}.
We now consider a special class of finite energy spheres that respect a given symmetry. Let (M, λ, ρ) be a closed real contact three-manifold. The anti-contact involution ρ on (M, λ) defines the exact anti-symplectic involution ρ := Id R × ρ on (R × M, d(e r λ)), meaning that ρ * (e r λ) = −e r λ. An almost complex structure
Abbreviate by J ρ ⊂ J the set of such almost complex structures. For J ∈ J ρ , the associated SFT-like almost complex structure J is ρ-anti-invariant. Assume that u = (a, u) is a finite energy sphere with respect to J ∈ J ρ . It is easy to check that ρ • u • I is also such a finite energy sphere, where I(z) = z. The following definition is due to Frauenfelder and Kang [18] . Theorem 3.9. Assume that u = (a, u) : S 2 \ Γ → R × M be a finite energy sphere. We fix z ∈ Γ ± and consider a holomorphic chart ψ z near z as above. Then for every sequence s n → ±∞, there exists a subsequence, still denoted by s n , and a periodic orbit
Remark 3.10. Let u = (u, a) be a finite energy plane. Abbreviate by Ω = Ω( u) the ω-limit set of u consisting of periodic orbits P = (x, T ) for which there exists s n → +∞ such that u(s n , t) converges in C ∞ (S 1 , M ) to x T (t). It is non-empty, compact, and connected, see [19, Lemma 13.3.1] . The last statement of the preceding theorem tells us that if an asymptotic limit P of u is non-degenerate, then Ω consists of a single element P , up to reparametrization. In [55] , Siefring provides explicit examples of finite energy planes with the image of the ω-limit set being diffeomorphic to the two-torus.
Let P = (x, T ) be a non-degenerate periodic orbit. Denote by Γ 1,2 (x * T ξ) and Γ 0,2 (x * T ξ) the Hilbert spaces of W 1,2 -sections and L 2 -sections of x * T ξ, respectively. Given J ∈ J , the L 2 -inner product here is defined as
For any symmetric connection ∇ on T M , we define the operator A P :
. This operator does not depend on the choice of ∇. Any unitary trivialization T :
. Under these isomorphisms the operator A P becomes the self-adjoint operator A S defined in Subsection 3.1, where S = S T P is a smooth loop of symmetric matrices associated to P and T.
In [30] , Hofer, Wysocki, and Zehnder prove the following asymptotic behavior of a non-degenerate finite energy sphere.
Theorem 3.11. Let u = (a, u) : S 2 \ Γ → R × M be a finite energy sphere. Suppose that an asymptotic limit P z = (x z , T z ) at z ∈ Γ is non-degenerate. Let ψ z : (V, 0) → (U z , z) be a holomorphic chart as above. If z is a positive puncture (or a negative puncture), then there exists a negative (or positive) eigenvalue η z of the operator A Pz defined as above and an eigenfunction ζ z of A Pz to the eigenvalue η z such that
where κ z decays exponentially with all derivatives to 0 uniformly in t as s → +∞ (or as s → −∞). Here exp is the exponential map of the restriction of the metric
The eigenvalue η z and the eigenfunction ζ z of A Pz in the above statement are called the asymptotic eigenvalue and the asymptotic eigenfunction of u at z, respectively.
Assume now that u = (a, u) is an invariant finite energy sphere. For z ∈ Γ int , we have the same assertions as above. If z ∈ Γ ∂ , then we require a holomorphic chart ψ z : (V, 0) → (U z , z) to further satisfy I • ψ z = ψ z • I. In this case, u tends asymptotically to a symmetric periodic orbit P = (x, T ) at z. Assume that P is non-degenerate and consider the associated non-degenerate half
is defined by the same formula as A P . As before, via a symmetric unitary trivialization this operator is conjugated to the operator A T D defined in Subsection 3.2. We have the following symmetric counterpart of the preceding two theorems. . Assume that u = (a, u) : S 2 \Γ → R×M be an invariant finite energy sphere with all asymptotic limits being non-degenerate. For z ∈ Γ int , the same assertions as in Theorems 3.9 and 3.11 hold. Let Q z = (y z , T z ) be the associated asymptotic limit and η z be the asymptotic eigenvalue of A Qz , respectively. Then the periodic orbit Q z = (ρ • y z , T z ) is the asymptotic limit of u at z ∈ Γ int and the associated asymptotic eigenvalue η z of A Qz coincides with η z .
Suppose that z ∈ Γ ∂ is a positive (or negative) puncture and P z = (x z , T z ) be the associated asymptotic limit. Let C z = (c z , T z /2) be the half-chord of P z . Then there exists a negative (or positive) eigenvalue η ρ z of the operator A Cz and an eigenfunction ζ ρ z of A Cz to the eigenvalue η ρ z such that u I (s, t) = (T z s, exp cT z (t) [e η ρ z s (ζ ρ z (t) + κ ρ z (s, t))]), s ≫ 1 (or s ≪ −1), where κ ρ z decays exponentially with all derivatives to 0 uniformly in t as s → +∞ (or s → −∞). Here exp is the exponential map of the restriction of the ρ-invariant metric d(e r λ)(·, J ·) to M ∼ = {0} × M ⊂ R × M .
Algebraic invariants.
Let u = (a, u) be a finite energy sphere such that every asymptotic limit is non-degenerate and π • du ≡ 0. Since it is J-holomorphic, the map z → π • du(z) is a section of the complex line bundle Hom C (T (S 2 \ Γ), u * ξ) → S 2 \ Γ. Due to Carleman's similarity principle π • du has finitely many zeros, and they are in particular isolated. Moreover, as a section of the bundle u * ξ → S 2 \ Γ, the zeros have a positive degree, see [29, Proposition 4.1] . Let us denote by wind π ( u) the sum of the degrees of the zeros of the section π • du. Choose z ∈ Γ with the asymptotic limit P z = (x z , T z ). Let η z be the asymptotic eigenvalue of u at z given in Theorem 3.11. Since the operator A Pz is conjugated to the self-adjoint operator A S Tz Pz , the asymptotic eigenvalue η z is also an eigenvalue of A S Tz Pz fo any unitary trivialization T z of x * Tz ξ. However, the winding number of η z , defined in Subsection 3.1, depends on the choice of the trivialization. Indeed, if ζ z is the asymptotic eigenfunction, then Φ Tz ζ z is an eigenvector of A S Tz Pz to the eigenvalue η z , where Φ Tz : Γ 1,2 (x * Tz ξ) → W 1,2 (S 1 , C) is the Hilbert space isomorphism defined via T z . For two different trivializations T 1 , T 2 , the winding numbers of the eigenvectors Φ T1 ζ z , Φ T2 ζ z are not necessarily equal.
We now define the asymptotic winding number of u at z with respect to a unitary trivialization T z of x * Tz ξ as wind Tz ∞ ( u, z) := w(η z , S Tz Pz ). The asymptotic winding number of u is then defined as
Each term in the right-hand side is computed using a unitary trivialization T of u * ξ, and as the notation indicates, the left-hand side is independent of the choice of T. The following statement reveals a relation between the above defined two winding numbers of u. In particular, if u is a finite energy plane, then wind ∞ ( u) ≥ 1, and wind ∞ ( u) = 1 if and only if π • du is non-vanishing, i.e. u is an immersion transverse to R.
Likewise, associated to the non-degenerate asymptotic limit P z of z ∈ Γ with respect to a unitary trivialization T z of x * Tz ξ is the Conley-Zehnder index µ Tz CZ (P z ) = 2α(S Tz P ) + p(S Tz P ), where it is defined as in Subsection 3.1. The index of a non-degenerate finite energy sphere u is then defined to be
Again, each index in the right-hand side is computed using a unitary trivialization T of u * ξ, and this definition does not depend on the choice of the trivialization, see [29, Proposition 5.5] . 
where Γ even and Γ odd are the sets of punctures whose asymptotic limit has even and odd Conley-Zehnder index, respectively.
If u is a non-degenerate finite energy plane, then both its asymptotic winding number and index are independent of the choice of the trivializations. By definition of α = α(S) and Proposition 3.14 we have The following definition is due to Hryniewicz [37] . By definitions we obtain the following inequality for a non-degenerate finite energy plane u:
from which the following assertion is obtained. We now consider a finite energy half-sphere u I associated to a non-degenerate invariant finite energy sphere u. The π-winding number wind π ( u I ) is defined to be wind π ( u I ) := 1 2 wind π ( u).
For every z ∈ Γ int ∩ H, the asymptotic winding number and the Conley-Zehnder index with respect to a given trivialization are defined as above. Assume that z ∈ Γ ∂ . Let P z = (x z , T z ) be the asymptotic limit of u at z which is a symmetric periodic orbit, and C z = (c z , T z /2) be its half-chord which is the asymptotic limit of u I at z. In view of Theorem 3.12, we find the asymptotic eigenvalue η ρ z and the asymptotic eigenfunction ζ ρ z of u I at z. Let T z be a symmetric unitary trivialization of x * Tz ξ. As before, we define the asymptotic relative winding number of u I at z ∈ Γ ∂ with respect to T z as wind Tz ∞ ( u I , z) := w(η z , D Tz Cz ), where the latter is the relative winding number of the eigenvalue η z of the operator D Tz Cz := S Tz Pz | [0,1/2] defined as in Subsection 3.2. Likewise, the Robbin-Salamon index of P z with respect to T z is defined as
where α I is defined as in Subsection 3.2. Given any symmetric unitary trivialization T of u * ξ, the relative asymptotic winding number of u I is defined as
and the index of a non-degenerate finite energy half-sphere u I is defined to be
These are independent of the choice of the trivialization. 
It follows that
In particular, if u is an invariant finite energy plane, then wind ∞ ( u I ) ≥ 1/2, and wind ∞ ( u I ) = 1/2 if and only if π • du is non-vanishing. 
where Γ even int and Γ odd int are the sets of interior punctures whose asymptotic limit has even and odd Conley-Zehnder index, respectively.
If u is a non-degenerate invariant finite energy plane, then both the relative asymptotic winding number and index of u I are well-defined, and we have By definition the following corollary is immediate. 
Fredholm theory
Let (M, λ, ρ) be a closed real contact three-manifold. Given two ρ-invariant positive smooth functions f, g on M with f < g, we choose a smooth function h :
Condition (4.1) tells us that the two-form Ω = d(hλ) is a symplectic form on [−1, 1]×M . For every a ∈ R, we define a ρ-anti-invariant contact form λ a := h(a, ·)λ on M defining the contact structure ker λ = ξ = ker λ a . The associated Reeb vector field is denoted by R a .
Let a → J a be a smooth family of dλ a -compatible and ρ| ξ -anti-invariant almost complex structures on ξ satisfying that 4.1. The implicit function theorem. For everyĴ not necessarily anti-invariant, Hofer, Wysocki, and Zehnder prove the implicit function theorem for embedded generalized finite energy planes, see [35, Theorem 1.6 ]. An important feature is that no genericity assumption on almost complex structures is assumed, due to automatic transversality. Proof. An application of the implicit function theorem due to Hofer, Wysocki, and Zehnder provides us with a smooth embedding Φ = (A, Φ) : B × C → R × M such that B ⊂ C is a small open ball centered at 0, and for each b ∈ B, the map Φ(b, ·) is an embedded generalized finite energyĴ-holomorphic plane asymptotic to P . We in particular have Φ(0, ·) = u. This embedding foliates an open neighborhood of u(C) in R × M and is unique up to reparametrization. We introduce the embedding
BecauseĴ is ρ-anti-invariant, for each b ∈ B, the map Φ ρ (b, ·) is also an embedded generalized finite energyĴ-holomorphic plane asymptotic to P . Moreover, since u is invariant, we have Φ ρ (0, ·) = u = Φ(0, ·).
Choose x 0 ∈ im(u) ∩ Fix(ρ) and z 0 ∈ C such that u(z 0 ) = x 0 . Set a 0 := a(z 0 ). Since u is invariant, a(z 0 ) = a 0 . For ε > 0 small enough, there exists
The mutual disjointness now tells us that Φ(b 0 , C) = Φ ρ (b 0 , C). By reparametrizing if necessary, we conclude that Φ(b 0 , ·) =: w is an embedded generalized invariant finite energyĴ-holomorphic plane asymptotic to P . Recall from above that u(z 0 ) = (a 0 , x 0 ) and w(z 1 ) = (a 0 − ε, x 0 ) for some z 1 ∈ C. For ε > 0 small enough we have ε * w(C) ∈ Φ(B, C), where ε * w := (c + ε, w). It follows again from the mutual disjointness that ε * w(C) = u(C) and hence
Since ε > 0 was arbitrary, this finishes the proof of the theorem. 
The indices are computed using a symmetric unitary trivialization of u * ξ.
The proof is based on standard arguments given in [35] , so we omit it. We comment that, as Schwarz points out, one is not able to compute the Fredholm index via spectral flow. Instead, it can be computed using the linear gluing operation and the Riemann-Roch theorem, see [53] . We also refer to [58] in which Zhou studies moduli spaces of real holomorphic curves.
5.
Proof of Theorems 1.2, 1.9, and 1.10
This section is devoted to prove the theorems on necessary and sufficient conditions for a symmetric periodic orbit to bound an invariant disk-like global surface of section.
We begin with considering almost complex structures. Let (M, ω) be a symplectic manifold equipped with an anti-symplectic involution ρ and a p-periodic symplectomorphism σ satisfying condition (1.2) . Recall that an ω-compatible almost
The space of such J's is denoted by J ρ (M, ω) . It is non-empty and contractible in the C ∞ -topology, see [17, Proposition 2.4.2] . Actually, it is a convex set.
An ω-compatible almost complex structure
The space of (ρ, σ)-anti-invariant and ω-compatible almost complex structures is denoted by J ρ,σ (M, ω). x for all x ∈ M , this implies that J := AQ −1 is ω-compatible almost complex structure on M . We claim that J ∈ J ρ,σ (M, ω). Indeed, Dρ and Dσ preserve the eigenspaces of −A 2 , and hence Q commutes with them. This proves the claim and shows that the space J ρ,σ (M, ω) is non-empty. By a standard argument, it is convex. For more details, see for example [20, Proposition 1.3.10] . This finishes the proof of the lemma.
The following statement will be crucial in the proofs of the theorems.
Theorem 5.2. Let P = (x, T ) be a simply covered periodic orbit on a nondegenerate tight three-sphere (S 3 , λ). Assume that µ CZ (P ) ≥ 3 and it is linked to every periodic orbit of µ CZ = 2. Then the following assertion holds: Assume that there exists a dλ| ξ -compatible almost complex structure J such that there exists an embedded fast finite energy J-holomorphic plane asymptotic to P . Then for any such J ′ , there also exists an embedded fast finite energy J ′ -holomorphic plane asymptotic to P .
Proof. We fix any dλ| ξ -compatible almost complex structure J, and let u = (a, u) be an embedded fast finite energy J-holomorphic plane asymptotic to P with µ CZ (P ) ≥ 3. Automatic transversality for embedded fast finite energy planes, see [19, Section 15.5] and [37] , tells us that the moduli space M fast (P, J) of (unparametrized) fast finite energy J-holomorphic planes asymptotic to P is a smooth manifold of dimension two. Moreover, every element is embedded. Recall that the SFT-like almost complex structure J is R-invariant from which we obtain the free R-action on M fast (P, J) given by
It is not hard to see that the quotient M fast (P, J)/R is also a smooth manifold. We claim that it is compact. Choose any sequence { u k } such that [ u k ] ∈ M fast (P, J) for all k ∈ N. The SFT-compactness theorem [7, 28, 32] tells us that up to subsequence and reparametrization, the sequence converges in C ∞ loc -topology to an embedded finite energy spheres u = (a, u) : C \ Γ → R × S 3 such that it tends asymptotically to P at +∞, Γ consists of negative punctures, and it is not a trivial orbit cylinder over P . Assume by contradiction that Γ = ∅. Since µ CZ (P ) ≥ 3, an argument using Fredholm theory and bubbling off analysis shows that there exists a periodic orbit which is not linked to P and has the Conley-Zehnder index equal to 2, see [38, Section 4] . Because of the hypothesis, we conclude that Γ = ∅, and hence u is an embedded finite energy plane. It is not hard to see that it is indeed fast. This proves the claim.
The remaining proof is exactly as in [19, Theorem 17.1.3] . We included it here for readers' convenience. As the space of dλ| ξ -compatible almost complex structures is non-empty and contractible, we can choose a smooth path {J t } t∈[0,1] of dλ| ξcompatible almost complex structures such that J 0 = J and J 1 = J ′ . Consider the moduli space
The preceding discussion tells us that it is a two-dimensional compact manifold with boundary. The boundary is
As the map N → [0, 1], (t, [ u]) → t is a proper submersion, the Ehresmann fibration theorem shows that it is a locally trivial fibration. In particular, we obtain the diffeomorphism M fast (P, J)/R ∼ = M fast (P, J ′ )/R.
By the hypothesis, the left-hand side is non-empty. This completes the proof of the theorem.
We are now in position to prove the theorems.
Proof of Theorem 1.2. Suppose first that a simply covered symmetric periodic orbit P bounds an invariant disk-like global surface of section. Then in view of [38, Section 6] we see that µ CZ (P ) ≥ 3 and sl(P ) = −1. It is obvious that P is unknotted. Moreover, by definition of a global surface of section, it is linked to every periodic orbit. We now prove sufficiency. We follow the argument due to Frauenfelder and van Koert in [19, Corollary 17.1.6] closely. Suppose that an unknotted simply covered symmetric periodic orbit P has sl(P ) = −1 and µ CZ (P ) ≥ 3. The bubbling off analysis due to Hryniewicz and Salomão [38] shows that if P satisfies the hypothesis in the statement, then there exists a dλ| ξ -compatible almost complex structure J ′ for which we have an embedded fast finite energy J ′ -holomorphic plane asymptotic to P , which is not necessarily invariant. Choose any J ∈ J ρ . By Theorem 5.2, we find that M fast (P, J)/R is a non-empty compact one-dimensional manifold. A standard argument shows that Recall that Fix(ρ) ∼ = S 1 . We denote by L 1 and L 2 the connected components of Fix(ρ) \ x(R) which are diffeomorphic to an open interval. Choose q ∈ L 1 . The preceding argument shows that there exists an embedded fast finite energy J-holomorphic plane u = (a, u) asymptotic to P such that q ∈ u(C). Due to the construction of the involution ρ * , we have ρ * ( u) = (a•I, ρ•u•I) is also an embedded fast finite energy J-holomorphic plane asymptotic to P such that q ∈ ρ(u(C)). We in particular find that u(C) ∩ ρ (u(C)) = ∅ from which we conclude that u(C) = ρ(u(C)), i.e. the closed embedded disk u(C) is an invariant disk-like global surface of section. Since the restriction of ρ to u(C) is orientation-reserving, Kerékjártó's theorem tells us that L 1 ⊂ Fix(ρ| u(C) ). In the same way, we find an embedded fast finite energy J-holomorphic plane v = (b, v) asymptotic to P such that v(C) is an invariant disk-like global surface of section and L 2 ⊂ Fix(ρ| v(C) ). If λ is dynamically convex, a limiting argument as in [33, 39] allows us to drop the non-degeneracy assumption. This finishes the proof of the theorem.
Proof of Theorem 1.9. Fix J ∈ J ρ,σ (ξ, dλ| ξ ). In view of Lemma 5.1 and the discussion preceding it, by arguing as in the above proof, we find the involutions (ρ j ) * : M fast (P, J) → M fast (P, J) for j = 0, . . . , p − 1. Choose q ∈ Fix(ρ) ∩ Fix(σ) and find an embedded fast finite energy J-holomorphic plane u = (a, u) asymptotic to P such that q ∈ u(C). As above, this implies that u(C) = ρ(u(C)) = σ(u(C)).
In other words, the disk u(C) a (ρ, σ)-invariant disk-like global surface of section. We now argue as in [18, Remark 6.6] . Recall that the first return map ψ associated to D := u(C) is defined by ψ(x) = φ τ (x)
such that for each t ∈ R/Z, the closure Φ(t, D) is a disk-like global surface of section spanned by P . Since
This open book decomposition is then (ρ, σ)-symmetric in the sense that D) , ∀t ∈ R/Z, ∀j = 0, 1, . . . , p − 1.
We find that P bounds two (ρ, σ)-invariant global surfaces of section D = Φ(0, D) and D ′ := Φ(1/2, D). Each of them contains the only one common fixed point of ρ and σ, i.e. #(Fix(ρ) ∩ Fix(σ)) = 2. This completes the proof of the theorem.
Proof of Theorem 1.10. Let P = (x, T ) be a simply covered symmetric periodic orbit on (L(p, q), λ, ρ), where λ is dynamically convex.
If P bounds an invariant p-rational disk-like global surfaces of section, then by definition it is p-unknotted. An application of [40, Lemma 3.10] shows that sl(P ) = −1/p. Assume that P is p-unknotted and has sl(P ) = −1/p. Choose J ∈ J ρ (ξ, dλ| ξ ). Hryniewicz and Salomão show in [42, Section 4] that M fast (P, J)/R ∼ = S 1 , and L(p, q) admits a λ-adapted p-rational open book decomposition with disk-like pages whose binding is P . We fix q ∈ Fix(ρ) \ x(R) and argue as before to obtain that there exists an invariant p-rational disk-like global surface of section containing q. This finishes the proof of the theorem.
Proof of Theorems 1.4 and 1.11
We give a quick review of the example provided by Hofer, Wysocki, and Zehnder in [28, Lemma 1.6] and [33, Section 4] .
Consider the Hamiltonian H : C 2 → R, defined by
where 0 < r 1 < r 2 and r 2 2 /r 2 1 / ∈ Q. It is invariant under exact anti-symplectic involutions ρ of the form
The (regular) level set E := H −1 (1) is referred to as an irrational ellipsoid. The restrictions of ρ to E are anti-contact involutions. By abuse of notation, we denote the restrictions again by the same letters. For sake of convenience, in what follows we concentrate only on ρ with ϑ 1 = ϑ 2 = 0. An analogue assertion holds also for the other involutions. The fixed point set of ρ is the ellipse
We define the Hamiltonian vector field X H as ι XH ω 0 = −dH, where ω 0 = dx 1 ∧ dy 1 + dx 2 ∧ dy 2 is the standard symplectic form. The Liouville vector field
is transverse to E so that the Liouville one-form λ 0 = ι Y ω 0 restricts to the contact form α on E. It is straightforward to check that R = X H , where R = R α is the Reeb vector field associated to α, and that ρ * R = −R. The Reeb flow is given by
The condition r 2 1 /r 2 2 / ∈ Q tells us that there exist exactly two simply covered periodic orbits, up to reparametrization, γ 1 (t) = (r 1 e (2/r 2 1 )it , 0) and γ 2 (t) = (0, r 2 e (2/r 2 2 )it ) having the minimal periods T 1 = πr 2 1 and T 2 = πr 2 2 , respectively. As usual, we abbreviate P j = (γ j , T j ), j = 1, 2. For each j = 1, 2, the half-chord of P j with respect to ρ is written as C j = (c j , T j /2), where c j (t) := γ j (t)| [0,T1/2] . These orbits have the following properties:
(1) P 1 and P 2 are symmetric and unknotted and have sl(P 1 ) = sl(P 2 ) = −1.
(2) P 1 and P 2 and all their iterates are non-degenerate and elliptic.
(3) C 1 and C 2 and all their iterates are non-degenerate. (4) µ CZ (P 1 ) = 2µ CZ (C 1 ) = 3 and µ CZ (P 2 ) = 2µ RS (C 2 ) = 3 + 2 r 2 2 /r 2 1 ≥ 5.
Therefore, the Hamiltonian vector field X H on E is equivalent to the Reeb vector field R E of the contact form λ E | S 3 on S 3 . In particular, the λ E -dynamics on S 3 satisfies all the properties of the X H -dynamics on E. By abuse of notation we denote the corresponding periodic orbits and chords on S 3 again by P 1 , P 2 , C 1 , and C 2 . Note that im(γ 1 ) = S 1 × {0} and im(γ 2 ) = {0} × S 1 .
By the proof of Theorem 1.2 we obtain the following. Proposition 6.1. For every J ∈ J ρ , there exist two embedded invariant fast finite energy J-holomorphic planes asymptotic to P 1 whose projections to S 3 are invariant disk-like global surfaces of section. An analogous statement holds for P 2 .
Recall that for coprime integers p ≥ q ≥ 1, (S 3 , λ E ) admits the p-periodic strict contactomorphism g p,q (z 1 , z 2 ) = (e 2πi/p z 1 , e 2πiq/p z 2 ) satisfying that g p,q •ρ•g p,q = ρ. It generates a free Z p -action on S 3 whose associated orbit space is a lens space L(p, q). The contact form λ E and the anti-contact involution ρ descend to a contact form λ E and an anti-contact involution ρ on L(p, q), respectively. Let π p,1 : S 3 → L(p, q) be the quotient projection. The Reeb vector field R E of λ E has exactly two simply covered periodic orbits P 1 = (π p,1 • γ 1 , T 1 /p) and P 2 = (π p,1 • γ 2 , T 2 /p). They are ρ-symmetric and p-unknotted and has sl(P 1 ) = sl(P 2 ) = −1/p. We have proven the following. Proposition 6.2. For each J ∈ J ρ , there exists an embedded invariant finite energy J-holomorphic plane in L(p, q) asymptotic to P 1 p .
6.1. The existence of a symmetric periodic orbit. This subsection is devoted to prove Theorem 1.4. Assume that a non-degenerate real tight three-sphere (S 3 , λ, ρ) satisfies that P * = ∅. Let f : S 3 → (0, ∞) be a smooth ρ-invariant function such that λ| S 3 = f λ 0 | S 3 , where ρ is of the form (1.1) with ϑ 1 = ϑ 2 = 0. We denote by R = R λ the Reeb vector field of λ. Let (S 3 , λ E , ρ) be as in the previous subsection. We interpolate between the λ E -dynamics and the λ-dynamics as in Section 4 with the data (M, g, f ) = (S 3 , f E , f ), J E ∈ J ρ (ξ, dλ E | ξ ), and J ∈ J ρ (ξ, dλ| ξ ) and study generalized invariant finite energy planes.
Due to Hofer, Wysocki, and Zehnder [33, Theorem 4.6 ] every generalized invariant finite energy plane tends asymptotically to a periodic orbit of R E . We fix J ∈ J ρ (λ E , J E , λ, J) and denote by Θ the set of generalized invariant finite energŷ J-holomorphic planes, modulo reparametrizations, asymptotic to P 1 = (γ 1 , T 1 ) which has the smallest period among all periodic orbits of R E . We observe that this set is non-empty. Indeed, in view of Proposition 6.1 there exists an embedded invariant finite energy J E -holomorphic plane v = (b, v) asymptotic to P 1 . Since +∞ is its unique puncture, the smooth function b : C → R is bounded from below, and hence we find a constant C > 0 such that b(z)
As a E (z) > 2 on C, we find thatĴ = J E and hence u E ∈ Θ. Using [33, Proposition 4.13] , we find that every element in Θ is an embedding. Moreover, if u, v ∈ Θ, then they satisfy either im
Arguing as in [33, Propositions 4.17 and 4.18] , we find using Theorem 4.1 a sequence u k = (a k , u k ) ∈ Θ such that Let Γ = {z 1 , . . . , z k , ζ 1 , . . . , ζ ℓ , ζ 1 , . . . , ζ ℓ } be the (non-empty) set of bubbling off points of the sequence { u k } such that Im(z j ) = 0 and Im(ζ j ) = 0 for all j. Using a standard argument we find a sequence { u n } = {(a n , u n )} ∈ Θ which, up to subsequence, converges in C ∞ loc (C \ Γ, R × S 3 ) to an embedded generalized invariant finite energyĴ-holomorphic sphere u = (a, u) : C \ Γ → R × S 3 such that Γ consists only of negative punctures. In view of (6.1) we find symmetric periodic orbits P 1 , . . . , P k and non-symmetric periodic orbits Q 1 , . . . , Q ℓ of the Reeb vector field R such that they are the negative asymptotic limits of u at z 1 , . . . , z k and ζ 1 , . . . , ζ ℓ , respectively. Note that Q i is the asymptotic limit at ζ i , i = 1, . . . , ℓ.
We carry out bubbling off analysis following [28, 32, 36] . Pick any z j0 ∈ Γ. For each ε > 0 small enough, the limit
. The quantity m ε (z j0 ) is decreasing as ε → 0 + , and hence we have
which is referred to as the mass of u at the puncture z j0 . Let σ > 0 be a positive real number less than min{σ 1 , σ 2 }, where σ 1 is the minimum of the set of periods of all periodic orbits of R and
1 are periods of periodic orbits of R}. Note that σ 1 , σ 2 are positive since the contact form λ is assumed to be nondegenerate.
Choose ε > 0 such that m ε (z j0 ) − m(z j0 ) ≤ σ 2 and a sequence z n ∈ D defined by a n (z n ) = inf Bε(zj 0 ) a n . Since z j0 ∈ Γ, we have z n → z j0 as n → ∞. We write z n = (x n , y n ), and by abuse of notation we identify x n with (x n , 0). Note that x n → z j0 as n → ∞. We claim that a sequence {δ n } defined by
satisfies that δ n → 0 as n → ∞. Indeed, for ε > 0 sufficiently small, we find that lim n→∞ Bε(xn)
Thus, for n large enough we obtain that
Since x n → z j0 , this proves the claim. We then find a sequence R n → ∞ such that
Define the rescaled J-holomorphic maps v n : B Rn (0) → R × S 3 as v n (z) = (b n (z), v n (z)) := (a n (x n + δ n z) − a n (x n + 2δ n ), u n (x n + δ n z)) (6.4) which are invariant. In view of (6.3) we find that
from which together with (6.2) we obtain that lim sup
for ε > 0 small enough. Since ε was arbitrary, we have lim sup
and hence the sequence v n has uniform gradient bound on C \ D. A standard argument shows that v n converges in As in [32, Proposition 8.1] , one can show that if Γ ′ = ∅, then 0 ∈ Γ ′ . Moreover, if Γ ′ = {0}, then it then takes at least the amount σ of dλ-energy away. If #Γ ′ ≥ 2, then by means of [29, Theorem 6.11] we find that every negative limit of v has smaller action than P j0 . An analogous statement holds for w. Thus, if either Γ ′ or Γ ′′ is non-empty, then we proceed in a similar way as above and obtain the following invariant holomorphic building:
(1) The top is a single embedded generalized invariant finite energy sphere u : C \ Γ → R × S 3 . It tends asymptotically to the symmetric periodic orbit P 1 = (x 1 , T 1 ) of R E at its unique positive puncture +∞. All other punctures in Γ are negative. At each z j ∈ Γ and each ζ i ∈ Γ, the map u tends asymptotically to a symmetric periodic orbit P j and a non-symmetric periodic orbit Q i of the Reeb vector field R, respectively. The non-symmetric periodic orbit Q i is the asymptotic limit of u at ζ i ∈ Γ. See Figure 1 for an illustration of the abovedescribed invariant holomorphic building. Proof. We follow [38, Lemma 5.14] closely. Let w = (c, w) : C \ Γ 0 → R × S 3 be the invariant finite energy sphere in the holomorphic building having P as the positive asymptotic limit. Set Γ 0 = {z 0 1 , . . . , z 0 m , ζ 0 1 , . . . , ζ 0 n , ζ 0 1 , . . . , ζ 0 n } with Im(z 0 j ) = 0 and Im(ζ 0 i ) = 0 for all i, j. Abbreviate by P 0 j and Q 0 i the associated negative limits which are symmetric and nonsymmetric, respectively. We claim that if µ RS (P ) ≤ 1/2, then there exists either j ∈ {1, . . . , m} such that µ RS (P 0 j ) ≤ 1/2 or i ∈ {1, . . . , n} such that µ CZ (Q 0 i ) ≤ 1. Arguing indirectly we assume that µ RS (P 0 j ) ≥ 3/2 and µ CZ (Q 0 i ) ≥ 2 for all i, j. The asymptotic behavior of the finite energy half-sphere w I associated to w described in Theorem 3.12 implies that wind ∞ ( w I , +∞) ≤ 0, wind ∞ ( w I , z 0 j ) ≥ 1, and wind ∞ ( w I , ζ 0 i ) ≥ 1. Here, the asymptotic winding number at each puncture is computed via a global trivialization of the trivial bundle ξ → S 3 . If π • dw does not vanish identically, then in view of Lemma 3.19, we find that
which is absurd. Therefore, π • dw ≡ 0. Denote by τ the minimal period of P so that T = κτ , where κ ≥ 1 is the covering number. In view of [29, Theorem 6.11] we find that ℓ = 0 and P 0 j = (x, κ j τ ) for all j with κ j ∈ N and κ = m j=1 κ j . If µ RS (x, τ /2) ≥ 3/2, in view of Proposition 3.5 we find that µ RS (P ) ≥ 3/2, which contradicts the hypothesis. Therefore, µ RS (x, τ /2) ≤ 1/2. Again by Proposition 3.5 µ RS (P 0 j ) ≤ 1/2 for all j. This contradiction proves the claim. Let w ′ = (c ′ , w ′ ) : C \ Γ 1 → R × S 3 be the finite energy sphere in the holomorphic building having Q as the positive asymptotic limit. Assume that µ CZ (Q) ≤ 1. Using Propositions 3.3 and 3.14, one can argue as above and find that among the negative asymptotic limits there exists either a symmetric periodic orbits of µ RS ≤ 1/2 or a non-symmetric periodic orbit µ CZ ≤ 1.
We repeat the above process and obtain a finite energy J-holomorphic plane in the bottom of the building. If it is invariant, then it is asymptotic to a symmetric periodic orbit P such that µ RS (P ) ≤ 1/2. If it is not invariant, then it is asymptotic to a non-symmetric periodic orbit Q such that µ CZ (Q) ≤ 1. This contradicts Theorems 3.16 and 3.21. Therefore, we have µ RS (P ) ≥ 3/2 and µ CZ (Q) ≥ 2.
In view of µ RS (P 1 ) = 3/2, an application of Theorem 4.2 provides the inequality
The preceding discussion implies that 1 ≥ m + n and hence either m = 0, n = 1 or m = 1, n = 0. In the first case u has exactly two negative asymptotic limits Q 0 , Q 0 which are non-symmetric and have µ CZ (Q 0 ) = µ CZ (Q 0 ) = 2. In the latter case the negative asymptotic limit P 0 is symmetric and has µ RS (P 0 ) = 3/2 so that in view of Proposition 3.5 it is simply covered.
Assume the non-symmetric case. Let v 0 = (b 0 , v 0 ) : C \ Γ 0 → R × S 3 be the finite energy J-holomorphic sphere in the second floor of the holomorphic building having Q 0 as its unique positive asymptotic limit. Denote by Q 0 1 , . . . , Q 0 k its negative asymptotic limits. As v 0 is embedded, π • T v does not vanish identically. In view of Theorem 3.15 we find that
Again by the preceding discussion we have µ CZ (Q 0 i ) = 2 for all i. If Q 0 i0 is a symmetric periodic orbit for some i 0 ∈ {1, . . . , k}, then together with Lemma 3.6 the fact that µ RS (Q 0 i0 ) ≥ 3/2 tells us that µ RS (Q 0 i0 ) = 3/2. We now assume the symmetric case, i.e. (m, n) = (1, 0). Let v 0 = (b 0 , v 0 ) : C \ Γ 0 → R × S 3 be the invariant finite energy J-holomorphic sphere having P 0 as its positive asymptotic limit. Denote by P 0 1 , . . . , P 0 ℓ and by Q 0 1 , . . . , Q 0 k its symmetric negative asymptotic limits and non-symmetric negative asymptotic limits, respectively. Recall that µ RS (P 0 j ) ≥ 3/2 and µ CZ (Q 0 i ) ≥ 2 for each i, j. In view of Proposition 3.20, arguing as above, we find that
from which we conclude that ℓ = 0 and µ CZ (Q 0 i ) = 2 for all i. We have shown that all positive asymptotic limits in the second and the third floors of the holomorphic building have µ RS = 3/2 for symmetric ones and µ CZ = 2 for non-symmetric ones. By repeating the process, we obtain the desired result. This finishes the proof of the proposition.
Assume thatĴ is generic in the sense of Theorem 4.2 so that the assertion of the preceding proposition holds. Consider the finite energy planes in the bottom of the holomorphic building. If there exists a non-invariant one, i.e. a finite energy plane u = (a, u) whose asymptotic limit Q is non-symmetric, then µ CZ (Q) = 2. By Theorem 3.16, u is fast. By definition, u is an immersion transverse to R, and hence u is an immersion. We consider the set
If D has a limit point in (C × C) \ ∆, where ∆ is the diagonal, then Carleman's similarity principle tells us that there exists a polynomial p : C → C such that deg(p) ≥ 2 and a J-holomorphic plane v : C → R × S 3 such that u = v • p. This implies that d u has a zero, which is impossible because u is an immersion. Therefore, D is a discrete set. Recall that u is the limit of a sequence u n of some embedded J-holomorphic maps. If D = ∅, then positivity and stability of self-intersections of immersed pseudoholomorphic curves tell us that u n has a self-intersection for n sufficiently large. This contradiction shows that D = ∅. In view of the asymptotic behavior of a non-degenerate finite energy plane we conclude that u is embedded. By [31, Theorem 1.7] we then have sl(Q) = −1. In other words,
which is absurd. Therefore, every bottom finite energy plane is invariant, and its asymptotic limit P is an unknotted simply covered symmetric periodic orbit of µ RS (P ) = 3/2. In view of Corollary 3.22 it is fast. Arguing as above, we find that every bottom finite energy plane is embedded. Again by [31, Theorem 1.7], the asymptotic limit P has sl(P ) = −1. Lemma 3.6 shows that µ CZ (P ) ∈ {2, 3, 4}. This proves the assertion of the theorem in the non-degenerate case. Remark 6.4. We have assumed that λ is non-degenerate. However, the proof only makes use of periodic orbits of R of periods less than T 1 = πr 2 1 . Therefore, the assertion also holds if we assume that all periodic orbits of periods less than T 1 are non-degenerate.
In order to complete the proof, assume that λ is dynamically convex, not necessarily non-degenerate. In view of the real Gray stability [17, Theorem 2.1.6] and a symmetric counterpart of the result of Robinson [50] , as in [33, Proposition 6.1 and Corollary 6.2] one obtains the following. Lemma 6.5. Let (M, λ, ρ) be a closed real contact three-manifold. Assume that λ is non-degenerate and fix T > 0. Then there exists a sequence of smooth ρ-invariant functions f k : M → (0, ∞) converging to the contact function 1 having the properties that all periodic orbits of f k λ of periods less than T are non-degenerate and have µ CZ ≥ 3 for every k. In particular, every symmetric periodic orbit of f k λ of period less than T has µ RS ≥ 3/2 for all k.
Recall that λ = f λ 0 for some f : S 3 → (0, ∞) such that f < f E . Choose a sequence f k of positive smooth functions on S 3 such that f k is ρ-invariant and converges to the constant function 1, and all periodic orbits of f k λ of periods less than T 1 are non-degenerate and have µ CZ ≥ 3. In view of Remark 6.4, the proof in the nondegenerate case tells us that there exists a sequence P k = (x k , T k ) such that P k is an unknotted simply covered symmetric periodic orbit of f k λ such that sl(P k ) = −1 and µ CZ (P k ) ∈ {3, 4} for all k. Moreover, we have the uniform bound T k ≤ πr 2 1 . Therefore, by Arzelà-Ascoli theorem, up to a subsequence, P k converges in C ∞ (S 1 ) to a symmetric periodic orbit P = (x, T ) of λ as k → ∞. Since the Conley-Zehnder index is lower semi-continuous, see [33, Section 3] , we have µ CZ (P ) ∈ {3, 4}. By [33, Theorem 3.4] , P is simply covered. It follows that P is transversally isotopic to all P k for k sufficiently large, and hence it is unknotted and has self-linking number equal to −1.
We have proved the theorem for ρ with ϑ 1 = ϑ 2 = 0. An analogous argument also holds with arbitrary ϑ 1 , ϑ 2 . This finishes the proof of Theorem 1.4.
6.2.
The existence of a (ρ, σ)-symmetric periodic orbit. We prove Theorem 1.11 by following the argument in [52] closely. Fix p ≥ 1 and assume that λ is dynamically convex. We only consider the case that ϑ 2 = 0, namely, we have ρ(z 1 , z 2 ) = (e iϑ z 1 , z 2 ) for some ϑ ∈ R. The other case can be proved in a similar manner by interchanging the roles of r 1 and r 2 in the λ E -dynamics.
Assume first that λ is non-degenerate. For sake of convenience, we may assume that ϑ 1 = 0. We also assume thatĴ is generic in the sense of Theorem 4.2. We carry out bubbling off analysis as in the preceding subsection and obtain an invariant holomorphic building. The analysis we need is done in [42, Section 3] and [52, Section 4.1] . The top of the holomorphic building is a single generalized invariant finite energy sphere u : C \ Γ → R × L(p, 1) which is asymptotic to P 1 p at +∞. All other punctures in Γ are negative. Moreover, every asymptotic limit in the building is contractible. In particular, symmetric ones are symmetrically contractible, meaning that if x : R → L(p, 1) is a symmetric asymptotic limit, then there exists a spanning disk v x : D → L(p, 1) such that ρ • v x = v x • I. Therefore, every negative asymptotic limit has well-defined Conley-Zehnder index or Robbin-Salamon index. In what follows, µ CZ (P ) or µ RS (P ) denotes the Conley-Zehnder index or the Robbin-Salamon index of P computed using a trivialization that extends to a (symmetric) spanning disk, respectively. Lemma 6.6. We have Γ = {z * } with Im(z * ) = 0. The associated asymptotic limit P has µ RS (P ) = 3/2.
Proof. Different from the previous subsection, u is not necessarily embedded because the positive asymptotic limit P 1 p is not simply covered. We first assume that u is not somewhere injective. Then we find a somewhere injective generalized invariant finite energy sphere v : C\Γ ′ → R×L(p, 1) and a polynomial q : C → C with deg(q) ≥ 2 such that u = v • q, q −1 (Γ ′ ) = Γ, and I • q = q • I. Moreover, v is asymptotic to P 1 k at +∞, where k = p/deg(q), and the punctures in Γ ′ = ∅ are negative.
and Im(ζ ′ j ) = 0 for all j. Abbreviate by P z ′ j and Q ζ ′ i the associated asymptotic limits of v. We observe that at least one negative asymptotic limit is non-contractible. Indeed, if every negative asymptotic limit is contractible, then this forces P 1 k to be contractible. In [52, Lemma 4.7] it is shown that only one negative asymptotic limit is non-contractible. Since v is invariant, it is necessarily symmetric. Without loss of generality, we may assume that P z ′ 1 = (x ′ , T ′ ) is the non-contractible one. Its deg(q)-fold cover (P z ′ 1 ) deg(q) is (symmetrically) contractible.
Recall that P 1 = (x, T ) is a non-degenerate symmetric periodic orbit on (S 3 , λ E , ρ) such that x(t) = (e 2πit/T , 0) and T = πr 2 1 . Under the projection π p,1 : S 3 → L(p, 1), we obtain a simply covered ρ-symmetric periodic orbit P 1 = (x, T ) on L(p, 1), where T = T /p. There exists an embedded symmetric spanning disk u 0 : D → S 3 of x T such that u * 0 ξ has a ρ-symmetric unitary trivialization Φ that induces a ρ-symmetric unitary trivialization Φ :
For a proof, see [28, Lemma 1.6] . Consider the ρ-symmetric unitary trivialization
Denoting by Ψ(t, ·) := Ψ(e 2πit , ·), t ∈ R/Z, we find that Ψ t + 1 p = e 2πi/p Ψ(t), ∀t ∈ R/Z.
Therefore, it descends to a ρ-symmetric unitary trivialization Ψ of x * T ξ. It is shown in [52, Lemma 4.8 ] that µ Ψ k CZ (P 1 k ) = 2k − 1. By Lemma 3.6, we have
Since µ Ψ k RS (P 1 k ) ∈ (1/2)Z, we conclude that
Let v ′ j be a symmetric spanning disk of P z ′ j for j = 2, . . . , m and w ′ i be a capping disk of Q ζ ′ i for i = 1, . . . , ℓ. Choose a symmetric unitary trivialization Ψ over a cylinder v#v ′ 2 # · · · #v ′ m #w ′ 1 # · · · #w ′ ℓ #w ′ 1 # · · · #w ′ ℓ such that Ψ = Ψ k along P 1 k .
Denote by Ψ ′ the induced symmetric unitary trivialization of (x ′ T ′ ) * ξ. The proof of [52, Lemma 4.9] shows that µ Ψ ′ CZ (P z ′ 1 ) ≥ 2k − 1. Arguing as before, we find that
Since u is the limit of a sequence of embedded pseudoholomorphic curves, by positivity and stability of self-intersections of immersed pseudoholomorphic curves, v is immersed. An application of Theorem 4.2 provides us with the following inequality
Together with the dynamical convexity of λ this implies that (m, ℓ) = (1, 0), i.e. Γ ′ = {z ′ 1 }, and µ Ψ ′ RS (P z ′ 1 ) = k − 1/2. As has been shown by Schneider in [52, Section 4], we have q(z) = z ′ 1 + a(z − z * ) deg(q) for some non-zero a ∈ C and hence Γ = {z * }. This implies that u has a unique negative asymptotic limit P := (P z ′ 1 ) deg(q) at z * which is contractible. Using the symmetric unitary trivialization constructed above over the symmetric spanning disk u 0 # v#v ′ 2 # · · · #v ′ m #w ′ 1 # · · · #w ′ ℓ #w ′ 1 # · · · #w ′ ℓ , Schneider computes that µ CZ (P ) = 3. Arguing as above we finally have µ RS (P ) = 3/2.
We now assume that u is somewhere injective. Since it is immersed, we are able to apply Theorem 4.2 and obtain that
Since µ RS (P 1 p ) = 3/2 and λ is dynamically convex, we conclude that Γ = {z} and µ RS (P z ) = 3/2. This finishes the proof of the lemma.
Let v = (b, v) : C \ Γ 0 → R × L(p, 1) be the invariant finite energy J-holomorphic sphere in the second floor of the holomorphic building. The preceding lemma tells us that the positive asymptotic limit P has µ RS (P ) = 3/2. Assume that Γ 0 = ∅. We first suppose that π • dv ≡ 0. Let T be a symmetric unitary trivialization of v * ξ that extends to (symmetric) spanning disks of the negative asymptotic limits. Since µ RS (P ) = 3/2, µ RS (P z ) ≥ 3/2 for all z ∈ Γ 0 ∂ , and µ CZ (Q ζ ) ≥ 3 for all ζ ∈ Γ 0 int ∩ H, we have wind T ∞ ( v I , +∞) ≤ 1/2, wind T ∞ ( v I , z) ≥ 1 for all z ∈ Γ 0 ∂ , and wind T ∞ ( v I , ζ) ≥ 2 for all ζ ∈ Γ 0 int ∩ H. An application of Lemma 3.19 tells us that 0 ≤ wind π ( v)
which is absurd. Therefore, π • dv ≡ 0. Recall that #Γ 0 ≥ 2. By [29, Theorem 6.11] we have im v = R × x(R), where P = (x, T ), and Γ 0 = Γ 0 ∂ , i.e. every negative asymptotic limit is symmetric. Denote by P min = (x, T min ) the underlying simply covered symmetric periodic orbit of P with T = m ∞ T min for some m ∞ ∈ N. For each z ∈ Γ 0 , the associated asymptotic limit P z = (x, T z ) satisfies that T z = m z T min , where m z ∈ N and z∈Γ 0 m z = m ∞ . Since #Γ 0 ≥ 2, we have m ∞ ≥ 2.
Lemma 6.7. The symmetric periodic orbit P min is non-contractible, and the covering number m ∞ is minimal in the sense that if P k min is contractible, then k ≥ m ∞ . Moreover, m ∞ divides p.
Proof. Let Q = (y, T ) be a periodic orbit on (M, λ) and choose a unitary trivialization T of y * ξ. Associated to Q and T is the transverse rotation number ρ T (Q) with respect to T. This depends only on the homotopy class of T. We do not give the definition, but recall the following important properties.
• Given n ∈ N , we write Q n = (y, nT ). Then ρ T n (Q n ) = nρ T (Q). (6.5)
• If Q n is non-degenerate, then µ T n CZ (Q n ) = 2ρ T n (Q n ) if Q n is hyperbolic, 2 ρ T n (Q n ) + 1 if Q n is elliptic. (6.6) In particular, if Q n is elliptic, ρ T n (Q n ) is not an integer.
If Q is contractible, we simply write as ρ(Q), where the transverse rotation number is computed using any unitary trivialization over any spanning disk. Assume by contradiction that P min is contractible. Since µ RS (P ) = 3/2, we have µ CZ (P ) ∈ {3, 4}. If µ CZ (P ) = 3, then by (6.6) we have 1 < ρ(P ) < 2 and hence 1 m ∞ < ρ(P min ) < 2 m ∞ ≤ 1 by (6.5). If µ CZ (P ) = 4, then ρ(P ) = 2 and hence ρ(P min ) = 2/m ∞ ≤ 1. In any case we have ρ(P min ) ≤ 1. On the other hand, since P min is contractible, the dynamical convexity of the contact form implies µ RS (P min ) ≥ 3/2 so that 1 < ρ(P min ). This contradiction shows that P min is non-contractible. The remaining assertions are proved in [52, Lemma 4.10] . This completes the proof of the lemma.
Since P z = (x, m z T min ) is contractible, and 1 ≤ m z ≤ m ∞ , by the preceding lemma we have m z = m ∞ for all z ∈ Γ 0 from which we obtain that #Γ 0 = 1. This contradicts to the fact that #Γ 0 ≥ 2.
We have shown that the invariant holomorphic building consists of the two pseudoholomorphic curves: The top is a generalized invariant finite energy sphere u : C \ {z * } → R × L(p, 1) such that P 1 p is the asymptotic limit at +∞, and the negative asymptotic limit is a symmetric periodic orbit P of µ RS (P ) = 3/2. The bottom is an invariant finite energy plane v = (b, v) : C → R× L(p, 1) asymptotic to P . Since µ RS (P ) = 3/2, by Corollary 3.22 we find that v is fast, and hence v is an immersion transverse to the Reeb vector field. Moreover, it is somewhere injective. Otherwise, there exists a somewhere injective invariant finite energy plane w and a polynomial q : C → C with deg(q) ≥ 2 such that v = w • q. This forces d v to have a zero, which is impossible since v is an immersion. As in the previous subsection, using positivity and stability of self-intersections of immersed pseudoholomorphic curves, we find that v is embedded. We claim that there exists R ≫ 1 such that v is an embedding on C \ B R (0). Lemma 6.7 implies that either P is simply covered or there exists a simply covered non-contractible symmetric periodic orbit P min = (x, T min ) such that P = (P min ) m for some m ≥ 2 that divides p. In the first case, the claim is straightforward. We now assume the last case. We shall show that +∞ is a relative prime puncture, meaning that given a symmetric unitary trivialization Φ of x * Tmin ξ, the winding number wind Φ m ∞ ( v) and m are relative prime integers. This is independent of the choice of a trivialization. Once this is proved, the claim follows from [42, Lemma 2.11] . It remains to compute wind Φ m ∞ ( v) with respect to a suitable trivialization Φ. Let Ψ be the one constructed in the proof of Lemma 6.6. This is a symmetric unitary trivialization of ξ along periodic orbit Q such that [Q] = 1 ∈ Z p ∼ = π 1 (L(p, 1)). Since P = (P min ) m is contractible, it follows that Ψ p defines a symmetric unitary trivialization of x * T ξ. Recall that by µ RS (P ) we mean the Robbin-Salamon index of P computed using a symmetric unitary trivialization T that extends over a symmetric spanning disk. In view of Lemma 3.7 we find that µ Ψ p RS (P ) = µ RS (P ) + wind(Ψ p , T). It is compute in [52, Section 4 ] that wind(Ψ p , T) = p − 2. Since µ RS (P ) = 3/2, it follows that
Using the analytic definition of the Robbin-Salamon index and the fastness of v we obtain that wind Ψ p ∞ ( v) = 2wind Ψ p ∞ ( v I ) = p − 1. Since P min is non-contractible, we have [P min ] := r = 0 ∈ Z p ∼ = π 1 (L(p, 1)) from which we find that Ψ r provides a symmetric unitary trivialization of ξ along P min . We set Φ = Ψ r and compute wind Φ m ∞ ( v). We find that
, where the fact that rm = np for some n ∈ N in the second identity follows from the contractibility of P = (P min ) m . Since m divides p, the two integers m and p − 1 are relative prime. It is easy to see that n and m are also relatively prime. Therefore, wind Φ m ∞ ( v) and m are relatively prime from which the claim is proved.
In view of the previous claim, the argument given in [42, Section 3.1.8] carries over to our case, and hence we have v(C) ∩ x(R) = ∅. Since v is embedded, we are able to apply [29, Theorem 2.3 ] to obtain that v : C → L(p, 1) \ x(R) is injective. Therefore, we are able to compute the rational self-linking number of P with respect to v, and by [40, Lemma 3.10] we have
where m is the covering number of P that divides p. An application of [40, Lemma 7.3] tells us that P binds a λ-adapted m-rational open book decomposition with disk-like pages. In view of [40, Theorem 1.3] we find that L(p, 1) is diffeomorphic to L(m, k) for some k. The classification of lens spaces implies that m = p. We have found that there exists a p-unknotted ρ-symmetric periodic orbit of sl = −1/p whose p-th iterate has µ RS = 3/2, provided that λ is non-degenerate. As in the previous subsection, an argument using Remark 6.4 and Lemma 6.5 shows that there exists a sequence of non-degenerate contact forms λ n on L(p, 1) converging to λ such that ρ * λ n = −λ n and for all n large enough, λ n admits a p-unknotted ρ-symmetric periodic orbit P n of µ RS (P p n ) = 3/2 and sl(P n ) = −1/p. Since their periods are uniformly bounded by πr 2 1 /p, by applying the Arzelà-Ascoli theorem we find that up to subsequence, P n converges in C ∞ to a ρ-symmetric periodic orbit P of λ. Since P p n is contractible for every n, the p-th iterate P n is also contractible. The lower semi-continuity of the Conley-Zehnder index implies that µ CZ (P p ) ∈ {3, 4}. It is not hard to see that P is simply covered so that it is transversely isotopic to P n for n sufficiently large. Therefore, P is p-unknotted and has sl(P ) = −1/p. This finishes the proof of Theorem 1.11.
